. . , kn, where k i are specified positive integers. The particular case when k = 1, 2, . . . , n is the well-known Tarry-Escott problem. This paper is the first detailed study of the problem of finding two distinct sets of nonzero integers which, in addition to the conditions already mentioned, also satisfy the condition x 1 x 2 · · · xs = y 1 y 2 · · · ys. Parametric or numerical solutions are given in this paper for many diophantine systems of this type, two examples being the system of equations
y k i , k = 1, 2, 3, 5, and
y i , and the system given by the equations
y k i , k = 1, 2, . . . , 6, and
y i . It is also shown that certain diophantine systems with equal sums of powers and equal products do not have any nontrivial solutions. Some open problems are mentioned at the end of the paper.
Introduction.
The general problem of equal sums of like powers consists in finding two distinct sets of integers x i , y i , i = 1, 2, . . . , s such that the sums of the kth powers of the integers in both the sets are equal for several values of k. In other words, the problem is concerned with finding nontrivial solutions of the diophantine system (1.1)
where the exponents k j , j = 1, 2, . . . , n are specified positive integers. When the exponents k j are taken as the consecutive integers 1, 2, . . . , n, we get the well-known Tarry-Escott problem of degree n. This paper is concerned with obtaining solutions of diophantine systems of type (1.1) in nonzero integers x i , y i , i = 1, 2, . . . , s that satisfy the additional condition
We note that various diophantine systems involving equal sums of like powers, with the equality holding for certain specified exponents, have been investigated by several mathematicians (see, for instance, [2, 3, 10] , [12, Chapter XXIV, pages 705 713]). In particular, the Tarry-Escott problem has attracted considerable attention [1, 5, 13, 14] . However, until now very limited attention has been given to the problem of equal sums of like powers with the additional condition (1.2). Diophantine systems involving equal products which have been considered until now include the system of equations 1 x 2 x 3 = y 1 y 2 y 3 , for which solutions have been given in [6, page 301] , [14, page 66] and [16] when k = 1; in [7] , [14, pages 36 38] and [15] when k = 2; in [8] and [14, page 69] when k = 3; and in [9] when k = 4. In fact, the complete solution of the diophantine system (1.3) with the first equation being satisfied for both k = 1 and k = 3 is given in [8, pages 138 139]. It seems that the only other diophantine system involving equal products for which solutions have been published is the system of equations, We will exclude from consideration any solutions of the simultaneous equations (1.1) and (1.2) in which any x i , y i is 0 as well as solutions in which s is even and y i are a permutation of −x i since, in both these cases, (1.2) is trivially satisfied and the problem reduces to one involving only equal sums of like powers. We note that, since each of the equations (1.1) and (1.2) is homogeneous, if x i , y i , i = 1, 2, . . . , s is a primitive solution of these simultaneous equations, then ρx i , ρy i , i = 1, 2, . . . , s, where ρ is any nonzero integer, is also a solution and all such proportional solutions will be considered equivalent. Further, we will write x to denote the s-tuple (x 1 , x 2 , . . . , x s ) and similarly y, X and Y will denote the corresponding s-tuples with the value of s being evident in each case from the context.
Some general results.
We now prove several lemmas giving general results about diophantine systems involving equal sums of like powers and equal products.
Lemma 1. If there exist integers
a i , b i , i = 1, 2, . . . , m, satisfying the relations (2.1) m i=1 a k i = m i=1 b k i , k = k 1 , k 2 , . . . , k n ,
then a solution of the simultaneous equations
with s = 2m is given in terms of arbitrary parameters p and q by
The straightforward proof is omitted. We note that, by a suitable choice of p and q, we can easily ensure that pa i1 = qa i2 , for some i 1 , i 2 and, removing this common term from both sides, we can get a solution of the simultaneous equations (2.2) and (2.3) with s = 2m − 1.
Lemma 2. If there exists a nontrivial solution of the diophantine system
Proof. If s ≤ n + 1, it follows from (2.5) and the well-known relations between the elementary symmetric functions and sums of powers of the roots of an equation [4, 
is given by (2.9)
with d and r being defined by (2.10)
where ρ is a suitably chosen integer.
Proof. If d and r are arbitrary parameters, it follows from a wellknown theorem [13, Theorem 1, page 614] on the Tarry-Escott problem that x i , y i defined by (2.9) satisfy the relations (2.7). Further,
where in the right-hand side of the above equation, the coefficient of r j d n+2−j vanishes for j = 0, 1, . . . , n as it works out to be
which is 0 in view of the relations (2.6). It immediately follows from (2.11) that, if we take d and r as defined by (2.10), then x i , y i satisfy condition (2.8) in addition to the relations (2.7).
We note that, while applying Lemma 3 to symmetric solutions of (2.6) yields only trivial solutions of the equations (2.7) and (2.8), nonsymmetric solutions of (2.6) lead to nontrivial solutions of these equations. 
Lemma 4. The three diophantine systems
For each of the three diophantine systems mentioned in the lemma, x i , y i , i = 1, 2, . . . , n + 2, satisfy the relations s k = t k , k = 1, 2, . . . , n, and hence, in each case, we get on subtracting (2.16) from (2.15),
. . , n+ 2 is a nontrivial solution of (2.12), it follows from a theorem of Bastien, quoted by Dickson [12, page 712 ] , that s n+1 = t n+1 , and hence it follows from (2.17) that s 1 = 0, and hence x i , y i also satisfy (2.13) and (2.14). Similarly, it readily follows from (2.17) that a nontrivial solution of (2.13) or (2.14) also satisfies the remaining two diophantine systems stated in the lemma. 
satisfy the simultaneous equations,
Proof. It follows from the relations (2.18) that
and so x i , y i , as defined by (2.19), satisfy relations (2.20) and (2.21).
3. Solutions of the Tarry-Escott problem with equal products of integers. We will now obtain solutions of the diophantine system,
for all positive integer values of n ≤ 6 and, with s = n+2, the minimum value of s for the existence of nontrivial solutions of (3.1).
3.1.
The Tarry-Escott problem of degree 1 with equal products. While solutions of (3.1) with n = 1 and s = 3, that is, the equations,
are given in [6, 14, 16] , the solutions given below seem to be better. To obtain the complete solution of equations (3.2) and (3.3), we write 
Two complete solutions of this simple equation are given by
where α, β, p, q, r are arbitrary parameters. Thus, for the system of equations (3.2) and (3.3), we get two complete solutions which are given by (3.4) where X, Y, Z are given either by (3.6) or by (3.7) and α, β, p, q, r are arbitrary parameters. Taking (α, β, p, q, r) = (1, 2, 1, 2, 3) in the first of these solutions, we get the numerical solution x = (7, 6, 15), y = (14, 9, 5) for the simultaneous equations (3.2) and (3.3).
3.2.
The Tarry-Escott problem of degree 2 with equal products. We will now consider the simultaneous diophantine equations,
for which we give two parametric solutions, one of which is complete.
3.2.1.
It follows from Lemma 5 that a solution of the above simultaneous equations can be found quite simply by solving the equations (3.10)
The complete solution of these equations is readily found to be
and, with these values, (2.19) gives a parametric solution of the simultaneous equations (3.8) and (3.9) in terms of arbitrary parameters α, β, p, q, r, s. As an example, a numerical solution of these equations obtained by taking (α, β, p, q, r, s) = (1, 2, 1, 2, 3, 1) is given by x = (15, 7, 20, 6), y = (5, 21, 10, 12).
3.2.2.
A second solution of the simultaneous equations (3.8) and (3.9) can be found by writing
For any solution x, y of equations (3.8) and (3.9) with x i , y i being nonzero for each i, there exist rational numbers p, q, r, s,
such that the relations (3.12) are satisfied. The values of x i , y i given by (3.12) satisfy equation (3.9) while on substituting these values in equations (3.8), we get the conditions,
with k = 1, 2. The complete solution of these two equations in X i , i = 1, 2, 3, 4, is readily obtained using the obvious solution
, and may be written as follows: 3.3. The Tarry-Escott problem of degree 3 with equal products. We will now obtain three parametric solutions, including a complete solution of the simultaneous diophantine equations,
it follows immediately from a well-known theorem on the Tarry-Escott problem [13, Theorem 3, page 615] that
where k = 1, 2, 3, and h is arbitrary. We use the following, readily verifiable, solution of (3.18),
where 
where λ i are defined as before and p, q, X, Y are arbitrary parameters. 
3.3.2.
A second solution of the simultaneous equations (3.16) and (3.17) can be found by writing
when equation (3.17) is identically satisfied while substituting these values in the three equations given by (3.16), we get the three equations,
with k = 1, 2, 3. Three simple solutions of the simultaneous equations (3.22) are X = (1, 1, 1, 1, 1), X = (s, t, p, q, r), and X = (rst, stp, tpq, pqr, qrs). We will make use of the first two of these solutions to solve these three simultaneous equations. A similar procedure can be applied using any two of these three solutions to get more solutions of these equations.
We write
when (3.22) is satisfied identically for k = 1, while it is expressible as 
3.3.3.
To obtain the complete solution of (3.16) and (3.17), we write (3.27) with k = 2, we get, on removing the factor 2αβ, the condition (3.28)
and, accordingly, we take, without loss of generality, the following values of b i in terms of three arbitrary linear parameters p, q and r:
Substituting the values of x i , y i given by (3.27) and the above values of b i in (3.16) with k = 3, we get Since we have obtained the complete solution of equations (3.16), on applying Lemma 3, we obtain the complete solution of the simultaneous equations (3.16) and (3.17). This solution, as also the complete solution of the three equations (3.16), is too cumbersome to write, and is hence omitted.
The Tarry-Escott problem of degree 4 with equal products.
We will now obtain a parametric solution of the simultaneous diophantine equations
We note that a well-known, readily verifiable, solution of the diophantine system (3.33)
is given by (3.34)
We use the above values of x 1 , x 2 , x 3 , y 1 , y 2 , y 3 and, similarly, we write Writing X = αU , Y = βV and removing the factor U V , equation (3.36) reduces to a linear equation in U and V which gives the following solution of (3.36):
(3.37)
With these values of U, V X, Y , a nonsymmetric solution of (3.31) is given by (3.34) and (3.35) where α, β, p, q, r, s are rational parameters. On applying Lemma 3, we now obtain a multi-parameter solution of the equations (3.31) and (3.32). As this solution is too cumbersome to write, we give below a one-parameter solution, obtained by taking p = 1, q = 2, r = −1, s = 3 and β = 1, and denoting the polynomial c 0 α 
The Tarry-Escott problem of degree 5 with equal products.
We will now obtain a parametric solution of the simultaneous equations,
We take x i , y i , i = 1, 2, 3, as defined by (3.34) and write (3.40)
when (3.38) is satisfied identically for k = 1, 2, 4, while for k = 3, equation (3.38) reduces to the equation,
and, for k = 5, equation (3.38) reduces, on using (3.41), to the equation
To solve equations (3.41) and (3.42), we find a trivial solution of equations (3.38) by taking Y = X, Z 3 = Z 1 + Z 2 , and use it to obtain the following trivial solution of equations (3.41) and (3.42):
We now take Z 1 = 3pX/2 in the two equations (3.41) and (3.42) so that they may be treated as two quadratic equations in the four variables X, Y, Z 2 , Z 3 , and one solution of these equations is given by (3.43). We now substitute Now, on using Lemma 3, we obtain a solution of the diophantine system given by (3.38) and (3.39) in terms of polynomials of degree 14 which are not being given explicitly. As a numerical example, when p = 1, q = 2, we get the following solution of (3.38) and (3.39): 4. An extension of the Tarry-Escott problem with equal products. In this section we consider the simultaneous diophantine equations,
for positive integer values of n ≤ 4. We obtain parametric solutions of this system when n = 1, 2 or 3, and infinitely many solutions when n = 4. We will use the results of the first four subsections of Section 3 together with Lemma 4 to obtain these solutions.
4.1.
When n = 1, the diophantine system (4.1) is given by (1.3) with k = 1 and 3. Two complete parametric solutions of (1.3) with k = 1 are given in subsection 3.1. It follows from Lemma 4 that, if we choose the parameters such that x 1 + x 2 + x 3 = 0, we will obtain a complete solution of (4.1) with n = 1. Both the parametric solutions given in subsection 3.1 lead to the following complete solution of the diophantine system (4.1) with n = 1:
where p, q, r are arbitrary parameters. A numerical solution obtained by taking (p, q, r) = (1, −2, 3) is given by x = (9, 62, 67, −138) and y = (−18, −93, 134, −23). Another parametric solution of the diophantine system (4.3) may be obtained by taking s such that pq + pr + ps + qs = 0 when again we can find suitable α, β such that condition (4.4) is satisfied. This solution of degree 8 in arbitrary parameters p, q and r is omitted.
4.3.
We will now obtain parametric solutions of the simultaneous diophantine equations,
4.3.1. In view of Lemma 4, to solve the above diophantine system, it suffices to impose the condition (4.7)
on the parametric solution given in subsection 3.3.1 for the simultaneous equations (3.16) and (3.17). This immediately yields the following solution of the diophantine system given by (4.5) and (4.6):
A numerical solution obtained by taking p = 3 and q = 1 is given by x = (−20, 2, −21, 13, 26), y = (−13, −26, 6, 28, 5).
4.3.2.
As the solution obtained in the previous subsection is somewhat special since it necessarily has y 1 = −x 4 and y 2 = −x 5 , we will obtain another parametric solution of the system of equations (4.5) and (4.6). We first obtain a simple, though not complete, solution of the equations (4.5) with k = 1, 2, 3, by choosing x i , y i as in (3.27) and following the same method as in subsection 3.3.3. After obtaining equation (3.30), we choose the arbitrary parameters a i , i = 1, 2, 3, 4 and p, q, r such that (3.30) is satisfied identically for all values of α and β. To do this, we first choose p, q, r, as given below, (4.8)
when the coefficient of α in (3.30) vanishes, and further taking a 4 = −a 2 , equation (3.30) reduces to (4.9) (a
which is readily solved for g and h leading to the following solution which satisfies equation (4.5) simultaneously for k = 1, 2, 3: (4.10) We now choose a 1 , a 2 , a 3 as follows,
when the coefficient of α 2 in equation (4.11) vanishes, and hence (4.11) is readily solved for α and β, and thereby we obtain a solution of the simultaneous equations (4.5) with k = 1, 2, 3, 5 in terms of arbitrary parameters u and v. Since this solution satisfies the condition (4.7), it follows from Lemma 4 that this solution must satisfy equation (4.6) as well. Thus, we obtain the following solution of the simultaneous equations (4.5) and (4.6): 
4.4.
We will now obtain numerical solutions of the simultaneous diophantine equations,
To solve this diophantine system, we choose x i , y i as defined by (3.34) and (3.35) when (4.13) is satisfied identically for k = 1, 2, 4, while for k = 3, equation (4.13) reduces, as before, to (3.36). When k = 6, equation (4.13) reduces, on using (3.36), to
To solve (3.36) and (4.15), we write X = −2U , Y = V , when these two equations reduce to the following two equations respectively: One rational point P on this elliptic curve is easily seen to be (ξ, η) = (−4, 6). Doubling this point yields a second rational point 2P given by (ξ, η) = (24, −118) while 3P is given by (ξ, η) = (−19/49, 3429/343).
As the rational point 3P on the elliptic curve (4.21) does not have integer co-ordinates, it follows from the Nagell-Lutz theorem on elliptic curves [20, page 56 ] that this is not a point of finite order. Thus, there exist infinitely many rational points on the elliptic curve (4.21), and these can be obtained by the group law. Further, a reference to Cremona's well-known tables [11] on elliptic curves shows that the rank of this elliptic curve is 1, which reconfirms the existence of infinitely many rational points on this curve. These infinitely many rational points on the curve (4.21) yield infinitely many values of p, q satisfying equation (4.18) . With these values of p, q and r = p, s = 1, equations (4.16) and (4.17) can be solved for U, V and, working backwards, we can obtain infinitely many solutions of the simultaneous equations (4.13).
We also note that the values of x i thus obtained from (3.34) and (3.35) necessarily satisfy the relation x 1 + x 2 + x 3 + x 4 + x 5 + x 6 = 0, and hence it follows from Lemma 4 that the solutions obtained above for equations (4.13) also simultaneously satisfy equation (4.14). We can thus get infinitely many integer solutions of the diophantine system given by (4.13) and (4.14).
While the rational points P and 2P on the elliptic curve (4.21) lead to trivial solutions of the simultaneous equations (4.13) and (4.14), the point 3P leads to the following nontrivial solution: 
5.
Other diophantine systems with equal sums of like powers and equal products of integers.
5.1.
We will now obtain a parametric solution of the diophantine system
It follows from Lemma 5 that a solution of this diophantine system can be found by solving the following equations:
Equations (5.2) and (5.3) may be considered as a linear and a quadratic equation in the variables X, Y, U, V with a known solution X = p, Y = q, U = r, V = s. Eliminating V from these two equations, we get a quadratic equation in X, Y, U which is readily solved using the known solution. We thus obtain the following solution of equations (5.2) 
5.2.
As has been mentioned in the introduction, a large number of results on equal sums of like powers are already known. These can be used together with Lemma 1 to obtain solutions of diophantine systems with equal sums of powers and equal products. As an example, we will show how infinitely many solutions can be obtained for the diophantine system,
We will use the known solutions of the diophantine system 167075, 73390, 250920, −301088, 478404) . As we know infinitely many solutions of (5.5), we can obtain infinitely many solutions of (5.4).
Some diophantine systems with no nontrivial solutions.
In this section we prove that certain diophantine systems involving equal sums of powers and equal products have no nontrivial solutions. Proof. If there exists a nonzero solution of the simultaneous diophantine equations (6.1), (6.2) and (6.3), we may write p = x 1 + x 2 + x 3 = y 1 + y 2 + y 3 , r = x 1 x 2 x 3 = y 1 y 2 y 3 , q 1 = x 1 x 2 + x 2 x 3 + x 3 x 1 , q 2 = y 1 y 2 + y 2 y 3 + y 3 y 1 . The following identity in symmetric functions of x 1 , x 2 , x 3 is readily verified: On subtracting (6.5) from (6.4), we get in view of (6.2), (6.6) 2(q 1 − q 2 )(q 1 + q 2 − 2p 2 ) = 0.
Since p 2 − 2q 1 = x 2 1 + x 2 2 + x 2 3 > 0, it follows that q 1 < p 2 /2, and similarly, q 2 < p 2 /2. Thus, q 1 + q 2 − 2p 2 < −p 2 and hence cannot be 0. It now follows from (6.6) that q 1 = q 2 , that is, x 1 x 2 + x 2 x 3 + x 3 x 1 = y 1 y 2 + y 2 y 3 + y 3 y 1 . This, together with the relations (6.1) and (6. 3) implies that x 1 , x 2 , x 3 must be a permutation of y 1 , y 2 , y 3 . This proves the theorem.
It is interesting to note here that if, in the above diophantine system, we replace equation (6. 3) by the cubic equation 
It follows from Lemma 2 that the system (6.9) has no nontrivial solutions and the theorem follows. 
Corollary. The diophantine system

